We investigate the higher order mixing properties of T d -actions by automorphisms of a compact, abelian group and exhibit a connection between certain mixing conditions and a result by Kurt Mahler.
1. Introduction. Let X be a compact, abelian group, and let Aut(X) denote the group of continuous automorphisms of X. We investigate the mixing behaviour of Z^-actions a: n -• α n on X with the property that α n € Aut(ΛΓ) for every n e I d (such an action will be called a Z^-action by automorphisms). If (X, a) satisfies the descending chain condition, i.e. if every decreasing sequence of closed, α-invariant subgroups of X eventually becomes constant, then a is algebraically and topologically conjugate to the shift action on a closed, shift invariant subgroup of (J k ) z \ where T = R/Z, and is automatically a Markov shift in d dimensions (cf. [KS] for a more general result). Furthermore it is easy to see that the dual group X of X can naturally be viewed as a finitely generated i?^-module, where Rj is the ring of Laurent polynomials in d variables with integral coefficients (cf. [KS] ). In view of this correspondence between finitely generated i?^-modules and ΊL dã ctions by automorphisms of compact, abelian groups the question arises how the algebraic properties of the R^-module M -X reflect the dynamical properties of the Z^-action a. In [S2] it was shown how to read off ergodicity, mixing, expansiveness, and certain facts about periodic orbits, from properties of the prime ideals associated with the iϊ^-module M. In this paper we continue this investigation and study the higher order mixing behaviour of such actions. This problem was raised by a paper of F. Ledrappier which contains examples of such actions which are (strongly) mixing, but which fail to be r-mixing for some r > 2. In these examples higher order mixing breaks down in a particularly interesting way: there exist a nonempty set S c l d and Borel sets {B n c X: n e S} with positive Haar measure such that the sets {a kn (B n ) : n e S} fail to become asymptotically independent as k -• oo. In order to simplify terminology we call the set S a mixing 372 KLAUS SCHMIDT shape if the sets {a kn (B n ) : n e S} become asymptotically independent as k -> oo, irrespective of the choice of {B n CI ΠE S}.
If the action α is r-mixing for every r > 1, then every shape S cl d must obviously be mixing, but the converse is not at all clear. In §3 we prove the following results: if a is mixing and X is connected, then every shape S c 2 d is mixing. If X is zero dimensional, then there exist shapes which are not mixing, unless the prime ideals associated with the module M -X are all of the form p t = π [R d , where %i e Z is a rational prime. Furthermore, if X is zero dimensional, then a is r-mixing for every r > 1 if and only if every shape S cΈ d is mixing. I was unable to prove the corresponding result for connected groups.
The statement about mixing shapes for connected groups turns out to be intimately linked with a result due to Kurt Mahler [Ma] : if C\,...,c m and a\,..., a m are nonzero algebraic numbers, and if C\a\ + -\-c m a^ = 0 for infinitely many k > 1, then there exists an arithmetic progression PcN such that C\CL\Λ v c m a^ = 0 for every k e P. Since we need this result in a slightly strengthened form (with c z , a\ in an arbitrary field of characteristic 0) we include a proof of Mahler's result, adapted to this case, §2.
Finally a remark about notation: C, N, Q, R will denote the complex, natural, rational and real numbers, and T = R/Z. If R is a ring then R x will stand for the group of units in i?, and R [x\,... ,x n ] is the ring of polynomials in the variables X\,..., x n with coefficients in R. If R = 1 or Q, and if / c R [x\,..., x n ] is an ideal, we set V(I) = {(ci,...,Cι) e (Q~)*: f (cι,...,c n ) = 0 for every / e /}, where Q~ is the algebraic closure of Q.
for every j > 1. Note that g is a power series which converges for every x e I v , and that there exists an infinite set S c I v such that g(x) = 0 for every x e S. Since I v is compact, S has a limit point y, and g(y) = 0. Exactly as in the case of a complex power series one concludes that g(χ) = 0 for every x e I v . In particular Proof. Since we can find prime ideals {pi,...,p 5 } in R such that V{I) = U/=i ^(P/) ^ w^ ^e sufficient to prove that there exists, for every prime ideal p in R with p D /, an integer a > 1 with Indeed, let / c p C R be a prime ideal. If F(p) is finite, our assertion follows from Theorem 2.1. Assume therefore that F(p) is infinite and set R' = R/p. For every polynomial / e R we denote by / = / + p the corresponding element in R f and we put j z = x , / = l,...,n. The Noether normalization lemma [AM] allows us to find an integer 1 < m < n and linear functions z\ 9 ...,z m of the elements y\,...,y n in R f such that the z\,..., z m are algebraically independent and each yi is algebraic and integral over Q [z\,..., z m ] c R f . Choose and fix monic polynomials βί ^ Q [z\>-->Zm] [y] such that β, (y, ) = 0 for / = \,...,n.
We regard each β/ either as a polynomial in y with coefficients in Q[zi,..., z m ] or as an element of Q [z\ ,...,z m ,y] 9 and (ab)use the notation Q { = Q t {y) = Qi(z x ,..., z m , y), / = 1,...,«, depending on our point of view. Let >/: F(p) -> (Q~) m be the surjective map η(a\,...,a n ) = (z\(a\,... ,a n ),..., z m (a\,... ,α Λ )), and (αi,..., a n ) E η~x (β\,..., β m ) , the algebraic number field K(a\,...,a n ) generated by K and (α i,..., a n ) has degree (K(a\ y ... ,a n )\ Q) < d. Now consider elements (β\,...,β m ) E Σ and (a\,..., a n ) G η~~ι (β\,..., β m ) C V(I). If v is a valuation of ΛT(c*i,...,a n ) above i(;, then |a z |^ = 1 for / = 1,... ,n, and there exist constants C\,..., c n in ΛΓ(αi,..., a n ) such that c, ^ 0 for some / G {l,...,n} and for every j > 1. After renumbering the α/ we may assume that C\ Φ 0,... ,c q Φ 0, and c^+i = = c Λ = 0. We denote by π the rational prime below v (or w), apply Theorem 2.1 to find an integer a' such that 1 < a' < π ldl and af = αf,' for some 1 <i<i'< q, and conclude
We have shown that (a it ... f a n ) G V(Δ(xf,...,xfl)) for all i,..., α Λ ) G //"HΣ), where α = π 2ί/2 ! and Σ 3. Mixing shapes and multiple mixing for group automorphisms. Let (X,μ) be a Lebesgue probability space, d > 1, and let a: (n,x) -> α n (x), n G Z^, x G X, be a measure preserving Z^-action on X. The action a is mixing of order r (or r-mixing) if, for all measurable sets 
= μ(B 0 ).μ(B ι )....μ(B r ).
For a general discussion of mixing (i.e. 1-mixing) group actions we refer to [Dy] or [SI] . In the study of commuting automorphisms of compact groups one is naturally led to another concept related to multiple mixing, that of mixing shapes. Clearly, if a is r-mixing, then every shape S c ϊ d of cardinality r + 1 is mixing. The converse is probably not true unless, of course, r= 1. Now assume that X is a compact group with Haar measure λ and that d > 1. A homomorphism a: n -• a n from l d into Aut(X) will be called a Z^-action on X &y automorphisms. We say that (X, α) satisfies the descending chain condition if, whenever X x D X 2 D D X« D is a decreasing sequence of closed, α-invariant subgroups of X, there exists an integer N > 1 such that X n = X# for all n > N. The pair (X, α) is expansive if there exists an open neighbourhood N(l) of the identity element 1 E X such that (3.3) Π a n (N(l)) = {1}.
It is not difficult to verify that X must be metrizable if (X, α) is either expansive or satisfies the descending chain condition. Furthermore expansiveness implies the descending chain condition (cf. [KS, Theorem 5.2] ). Finally, if X is connected and (X, a) satisfies the descending chain condition, then X is abelian (cf. [L] ).
In order to analyze such dynamical systems (X, a) in more detail we have to introduce some notation. Proof. [KS, Theorems 11.8 and 5.2] . D
We shall always assume that N is finitely generated. It turns out that many of the dynamical properties of {X N ,a N ) (like ergodicity, mixing, and expansiveness) can be described in terms of the associated prime ideals of the i^-module N (cf. [S2] For background we refer to [La] . We shall study higher order mixing properties of Z^-actions a: n -• α n by automorphisms of a compact group X under the assumption that {X, a) satisfies the descending chain condition. One checks easily that a is mixing (with respect to the Haar measure λ) if and only if α n is ergodic for every nonzero neZ^ (cf. e.g. [KS, Theorem 2.4 
]).
If d = 1, α € Aut(X), and α is ergodic, then it is well known (and easy to see) that n -> a n is r-mixing for every r > 1. As F. Ledrappier pointed out in [Le] , the analogous result does not always hold if d > 1: there are closed, shift invariant subgroups X c (Z/2Z) z2 on which the shift-action of Z 2 is mixing, but which have nonmixing shapes. In this section we prove the following.
THEOREM. Let X be a compact, abelian group, d > 1, and let a: n -• α n be a mixing Έ d -action on X by automorphisms such that (X, a) satisfies the descending chain condition.
( Proof. We apply Lemma 3.2 to obtain a finitely generated Rjmodule M such that X = M and a n = a^f for every neZ^. Let {P\ > -, Pm) be the set of prime ideals in R d associated with M and let { W\,..., W m } be a reduced primary decomposition of 0 in M such thatMjWi is associated with p, for all /= 1,..., m (cf. [La] ). In particular, (3.9) Now assume that the I**-action a is mixing, but that there exists a shape S = {no,..., n r } c ϊ d which is not mixing. Lemma 3.5 implies that there exist elements α, G M, / = 0,..., r, and a sequence k\ < kι< -" in N such that α, ^ 0 for some / G {0,..., r}, but (3.10) U.o %n o ) (Xa r -a kjnr )=l for every 7 > 1, where χ a G X is the character of X corresponding to an element a e M = X. According to (3.4) and (3.5), equation (3.10) is equivalent to the assertion that (3.11) u kjnQ a 0 + -" + u kjUr a r = 0 for every j > 1. Equation (3.9) shows that there exists an integer / e {1,..., m) such that dj $. Wi for at least one j G {0,..., r}, and we set N = M/W i9 denote the image of α, in N under the quotient map again by α, , and regard (3.11) as an equation in N. Since the group X is connected, the module M is torsion-free as an additive group, and (3.6) shows that PiΠl = {0} where Z c Rj is the set of constants. Since Λ r is associated with the prime ideal /?/ we know that the additive group N is again torsion-free. Put N = Q ®z N, and note that the natural homomorphism 1: N -* N is injective, and that N is an R^-module with associated prime ideal p = Q ®z Λ An elementary argument allows us to choose sub-R^-modules N = N o D o N 5 = {0} of N such that, for every 7 = 0,...,5-1, N//N/+1 = R<//q 7 for some prime ideal p c q y C R^, and q^-i = p. We set a\j = i(aj) e N and obtain that a\j Φ 0 for some / e {1,..., r}, but that (β^® '. ®β»-) .η and (3.14) τ α n = (α^θ θα^) τ for every n e Z^. We set X[ = JV/, / = 1,..., m, and claim that the Z^-action n -• a^1 θ θ a^m on Ji 0 θ X m is r-mixing for every r > 1. In view of (3.14) this will prove that a is r-mixing for every r> 1.
Suppose that there exists an integer r > 1 such that the ΊL d -action n -• α^1 0 ® an m = ^n on X\ θ θ X m is not r-mixing. Lemma 3.5 implies that there exist characters χo,..., χ r of X\ θ θ X m such that χ z Φ 1 for some / e {0,..., r} ? but There exists an integer K > 1 such that πfa = 0 for every / e {l,...,m} and every α G N;. Put P ZJ = {α G iV/: π/α = 0} and Pj = PijQ i = l, ..., m, j = 0, . ..,K. We write Yj = Pf for the annihilator of Pj in X\ θ θ X m -Assume that, for some j > 0, the restriction of every // to Yj is trivial. We shall complete the proof of this lemma by showing that the restriction of each // to Yj+\ is also trivial. An induction argument then shows that the characters χo,... ,χ r of X\ @ ® X m are all trivial, and the resulting contradiction implies that the T d -actions n -> δ n and n -• a n are mixing of every order.
For every / = 1,..., ra, put L, = Pij+ι/Pij, and fix / for the moment. Since π/L, = {0} we may regard L, in an obvious manner as an R π ^-module, where R πi j = l/ π . [uf 1 ,...,u^1] is This allows us to identify β/ with ((Z/ π )^) Zί/ and to assume that a$ ι = Γ n for all n, where T n now denotes the shift (3.16) on ((Z /π ) 5 ) z ". The surjective homomorphism γ\ι: β/ -> L f dual to z z : L/ -• β f satisfies that ?/α^1 = c*n' ^/ for every n G Z^. Since the Z^-action n -• a$ ι © ® α^w on βi © φ Q m is (isomorphic to) a cartesian product of full ddimensional shifts it is r-mixing for every r > 1, and we conclude that the factor action n -> a^ι © φ αn m of Z^ on the group L\@ --@L m is also mixing of every order. Note that Liθ θί m = Yj+\/Yj, and that the Z^-action n -• «" ι θ Φ a^m is equal to the action on Yj+ι/Yj induced by n -• ^n. The characters χo,...,χ r are trivial on Yj by assumption, and we may regard their restrictions to Yj+\ as characters of Yj+\/Yj. However, since n -> α^1 Φ © otn m is rmixing, lemma 3.5 implies that these restrictions must be trivial, i.e. that Xi = 1 on Yj+\ for every / e {0,..., r}. As we have pointed out earlier, this completes the proof of the lemma. D
Proof of Theorem 3.3. Assertion (1) follows from Lemma 3.6. If X is zero dimensional, then (i)=>(iii) by Lemma 3.7, and Lemma 3.8 shows that (iii)=>(ii). The implication (ii)=>(i) is obvious. Theorem 3.3 is proved. D Proof of Corollary 3.4. Let X° be the connected component of the identity in X. If a shape S = {n 0 ,..., n r } c I d is not mixing under α, choose characters χo, .. ,χ r of X such that at least one χι is nontrivial, but (χo -a kno ) (χ r a knr ) = 1 for infinitely many k > 1 (cf. Lemma 3.5). From [S2, Corollary 3.6] we know that the restriction of a to the closed, α-invariant subgroup X° of X is still mixing, and Lemma 3.5 implies that the restrictions of the characters χι to X°m ust all be trivial. Hence the characters χo,... 9 χ r can be regarded as elements of Ϋ, where Y = X/X°. The set of associated prime ideals of the i?^-module N = Ϋ c M (cf. Proposition 3.2) is given by {Pi' I < i < m and p, Π Z Φ 0}, and lemma 3.8 implies that there exist an / e {1,..., m) and a rational prime π z such that pi 2 π/^/ This shows that (2)=>(1).
If every shape S c ΊL d is mixing, then every shape is also mixing for the quotient action induced by a on the zero dimensional group Y = X/X°, and Lemma 3.7 implies that every prime ideal associated with the module N = Ϋ c M is of the form pi = πjR d for some rational prime π/. This proves that (1)=>(2). D 3.9. Problem. Let X be a compact, connected abelian group and let a: n -> a n be a mixing Z^-action on X by automorphisms. Is a r-mixing for every r > 1?
